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Jannis Lübbe, Matthias Temmen, Holger Schnieder and
Michael Reichling
Fachbereich Physik, Universität Osnabrück, Barbarastraße 7, 49076 Osnabrück, Germany
E-mail: reichling@uos.de

Received 17 December 2010, in final form 24 February 2011
Published 23 March 2011
Online at stacks.iop.org/MST/22/055501
Abstract
The resonance frequency and Q-factor of cantilevers typically used for non-contact atomic
force microscopy (NC-AFM) are measured as a function of the ambient pressure varied from
10−8 mbar to normal pressure. The Q-factor is found to be almost constant up to a pressure in
the range of 10−2 –10−1 mbar and then decreases by about three orders of magnitude when
increasing the pressure further to normal pressure. The decrease in the resonance frequency
measured over the same pressure range amounts to less than 1% where a significant change is
observed in the range of 10–103 mbar. The pressure dependence of the effective Q-factor and
resonance frequency is approximated by analytical models accounting for different processes
in the molecular and viscous flow regimes. By introducing a heuristic approach for describing
the pressure dependence in the transition regime, we are able to well approximate the
cantilever properties over the entire pressure range.
Keywords: non-contact atomic force microscopy (NC-AFM), cantilever, resonance

frequency, Q-factor, ambient pressure
(Some figures in this article are in colour only in the electronic version)

detection system is optimized to achieve its technical limits
[4–6]. The quality of NC-AFM images obtained in air
can further be enhanced by applying advanced experimental
techniques such as robust feedback loops [7], Q-control [8] or
bimodal detection [9]. With optimized equipment, molecular
resolution in air has been demonstrated [10] and the relevance
of the Q-factor for such measurements has clearly been
pointed out [11]. The effective Q-factor [12] of a cantilever
oscillating in air has been investigated for a variety of cantilever
geometries and pressure ranges [13–18] and it has been shown
that it can be increased by optimizing the cantilever geometry
[19, 20]. However, to obtain a high Q-factor for NC-AFM
measurements in a controlled atmosphere, it may be more
straightforward to reduce the ambient pressure and it is,
therefore, of interest to determine the precise dependence of
the Q-factor on the pressure of the ambient atmosphere.

1. Introduction
Dynamic scanning force microscopy operated in the noncontact mode (NC-AFM) has long been a domain of
measurements under conditions of the ultra-high vacuum as in
most non-contact atomic force microscopy implementations,
imaging is based on the detection of small frequency shifts
in the oscillation of a high-Q cantilever [1]. Oscillating
the cantilever in a gas of finite pressure, specifically normal
pressure, or in a fluid reduces the Q-factor dramatically
while its resonance frequency is only slightly shifted towards
smaller values [2]. Due to the reduction in the Q-factor, the
force gradient detection sensitivity is strongly diminished [3].
However, it has been shown that the detection sensitivity for
NC-AFM imaging in air and liquids is high enough to allow for
atomic resolution imaging provided that the opto-electronic
0957-0233/11/055501+06$33.00
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which assumes the cantilever to consist of a string of spheres
moving in a fluid [23]:

In this contribution we investigate the Q-factor and
the resonance frequency of cantilevers oscillating in a gas
atmosphere where the ambient pressure is varied from 10−8
mbar to normal pressure. We compare our measurements
to models predicting the Q-factor based on the intrinsic
damping of the cantilever, mounting losses and pressuredependent terms accounting for damping in the molecular
flow and viscous regimes and develop expressions covering the
entire pressure range. Similarly, we approximate the pressure
dependence of the resonance frequency by available analytical
models.
There are several mechanisms contributing to the damping
of an oscillating cantilever that we have extensively discussed
in a recent publication [12]. The reciprocal of the effective Qfactor 1/Qeff describes the total damping which is determined
by the intrinsic damping 1/Q0 of the cantilever, the damping
1/Qmount of the cantilever fixation in the SFM system and
the air damping 1/Qair which needs to be considered when
experiments are not performed under UHV conditions:
1
1
1
1
=
+
+
.
Qeff
Q0 Qmount Qair

Qviscous =

f M (p) − f0
f
= 0
f0
f0

−1
=
1 + (l/t)(ρM /ρ)(π 2 /12α1 )
−1

(1)

2. Experimental details
The oscillation behaviour of cantilevers is investigated using a
test setup that has been described in detail elsewhere [12]. In
brief, cantilevers are mounted with a clamp fixation so that they
can easily be removed for further use. The test setup is housed
in a compact vacuum chamber equipped with a turbomolecular
pump and an ion getter pump. A combined pirani/coldcathode vacuum gauge (PKR 251, Pfeiffer Vacuum, Asslar,
Germany) allows us to measure the pressure from normal to
UHV conditions (accuracy 30%, reproducibility 5%). The
pressure in the chamber can be controlled by backfilling with
dry nitrogen gas using a metering valve. The turbomolecular
pump is switched off while measuring.
To measure the Q-factor, we use a sine wave generator to
excite a piezo ceramic plate with gold electrodes glued to the
cantilever holder and sweep the frequency in a range centred
on the resonance frequency f 0 of the cantilever. A lockin detector records the deflection signal as a function of the
excitation frequency. The eigenfrequency f 0 and the Q-factor
are obtained from the frequency spectrum taken under UHV
conditions by a least-squares fit of the following equation to
the data:
|Aexc |
|A| = 
(7)



2 /f 2 2 + f 2 / f 2 Q2
1 − fexc
exc
0
0

λ
(2)
w
defined by the mean free path of the gas molecules λ and
the width w of the gas layer in motion, which is the cantilever
width in our case [16]. The mean free path of the gas molecules
is given by
1

and

n=

p
kB T

(6)

with α1 = 1.8751. The density ρM is calculated from the
ideal gas law assuming nitrogen gas at a pressure p as the
surrounding medium. This approach is an approximation
considering the shift in resonance frequency due to the
additional mass to be moved by the cantilever oscillating in
a dense gas but does not take the viscosity of the medium
into account. We apply this model to describe the pressure
dependence of the shift in resonance frequency observed in
our experiments.

Kn =

2π d 2 n

(5)

with η being the dynamic viscosity of the gas.
The pressure-dependent resonance frequency f0M (p) of
a cantilever exposed to a medium such as air or water has
been investigated in detail by Elmer et al [24]. We follow this
approach assuming a master function that yields a frequency
shift independent of the cantilever width1 :

The pressure dependence of the Q-factor of silicon
cantilevers has been investigated experimentally by Blom et al
[13] and by Bianco et al [18] for certain ranges of the ambient
pressure. It is possible to distinguish between pressure regimes
that are dominated by different damping mechanisms, namely
the molecular flow regime and the viscous flow regime [13]. To
distinguish these regimes, we introduce the Knudsen number

λ= √

4ρtwf0
√
6η + 3w η(M/RT )πf0 p

(3)

with the number density n, the pressure p, the temperature
T and the Boltzmann constant kB . The molecule diameter is
assumed to be d = 3.7 × 10−10 m [21]. The viscous flow
regime is defined as Kn < 0.01, the free molecular flow
regime as Kn > 10 while the range 10 > Kn > 0.01
is referred to as the transition regime where molecular as
well as viscous damping contributes [16]. For a typical
cantilever width of 30 μm, Kn equals 10 at a pressure of P =
0.23 mbar, while Kn equals 0.01 at a pressure of P = 230
mbar. For the molecular region, the pressure-dependent Qfactor is calculated based on a model derived by Christian
[18, 22]:
 
πρtf0 π RT 1
Qmolecular =
(4)
2
2 M p

1 As suggested by Elmer et al [24], we use f̃ (κ) = π 2 /(48κ) for the
master function with κ = α1 w/ l and α1 = 1.8751 for oscillation at the
fundamental resonance frequency of the cantilever. This yields surprisingly
good agreement for the pressure-dependent frequency shift between theory
and experiment. The agreement is much worse when using values for the
master function numerically evaluated in the range of κ = 0.2–0.5 that is
relevant for the investigated cantilevers.

with the density ρ of the cantilever material, the thickness t
and the resonance frequency f 0 of the cantilever, the mass of
the gas molecules M and R being the gas constant. For the
viscous damping regime the model of Hosaka et al is used,
2
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Table 1. Q-factors Qvac
eff and resonance frequencies f 0 of cantilevers
representative of two different types measured in UHV compared to
vac
air
values Qair
eff and f0 measured in air. Qeff is determined at a
pressure in the range of 10−7 –10−8 mbar and Qair
eff is measured at
normal pressure.

0

Qair
eff

0.8
0.6
0.4

f = 323689 Hz
0

Q = 1400
p = 100 mbar

0.2
0

0.5

0.6
0.7
0.8
frequency − 323 kHz (kHz)

0.9

Figure 1. Resonance curves of a 300 kHz cantilever taken at a
pressure of 2 × 10−8 mbar (narrow resonance) and 100 mbar (broad
resonance).

Qvac
eff

f0air (Hz)

f0 (Hz)

220
340
360

95 700
65 400
133 700

61 182
64 830
63 210

61 437
64 788
63 562

420
450
460
660
690
1160

31 500
35 300
12 900
11 900
7 700
38 500

315 128
291 841
301 926
291 378
297 108
320 862

316 004
294 108
302 704
291 809
297 675
323 804

in air with the respective UHV values. Even within a group of
the same type of cantilevers, the order of increasing Q-factors
in air does not correspond to the values in UHV, which is most
obvious for the cantilevers in the 60 kHz range. Therefore, it
is not possible to obtain any estimate for a Q-factor effective
in UHV from a measurement performed in air.
Next, we investigate in detail the pressure dependence
of the Q-factor and the resonance frequency of four
silicon cantilevers manufactured by Nanoworld AG
(Neuchâtel, Switzerland) that are typically used for NC-AFM
measurements, namely cantilever 1 (type FM, f0 ≈ 60 kHz),
cantilever 2 (type NCH, f0 ≈ 300 kHz), cantilever 3 (type
NCL, f0 ≈ 170 kHz) and cantilever 4 (special development
probe L250T10, f0 ≈ 190 kHz). The key parameters of these
cantilevers are compiled in table 2. Cantilevers 1, 3 and 4 are
of similar length, 3 and 4 have similar resonance frequencies
but all cantilevers differ from each other significantly in
thickness. In table 2, the resonance frequency f 0 measured
air,exp
measured under ambient
in UHV is compared to f0
pressure conditions and a theoretical value f0air,theo calculated
using equation (6). The theoretical resonance frequency in
UHV is not mentioned here because an accurate calculation
requires precise knowledge of the tip mass. Figure 2 shows
the normalized shift f/f0 of the resonance frequency as a
function of pressure p compared to theory. As evident from
equation (6), the pressure-dependent shift of the resonance
frequency depends on the ratio of length and thickness of
the cantilever. For the dimensions of cantilever 1, this ratio
is about three times larger than for the other cantilevers
explaining the higher sensitivity of the resonance frequency
to air damping.
Using the known material properties of silicon cantilevers
and the dimensions of the cantilevers investigated here (see
according to a procedure described
table 2), we calculate Qtheo
0
in detail in [12] and compile results in table 3. The discrepancy
and the effective value Qeff is explained by the
between Qtheo
0
mounting loss Qmount . For cantilevers 2 and 4, the measured
effective Q-factor is slightly larger than the theoretical value
which is due to errors in determining cantilever dimensions.
Practically this means that there is a negligible mounting loss
(Qmount = ∞). Finally, the measured effective Q-factors
in air are compared to calculated values at 103 mbar. From

where the cantilever is assumed to be a damped harmonic
oscillator excited at the frequency fexc with the amplitude
Aexc [25]. This equation is valid for Q  1 which is usually
fulfilled in air and vacuum. Only for very low-Q environments,
such as water where Q is in the order of 1, do dissipative
effects of the fluid need to be considered, yielding a different
response function [27]. For this measurement it is important
to adjust the sweep speed to the time constants involved in the
measurement. For high-Q 75 kHz cantilevers, the amplitude
time constant τQ = Q/(πf0 ) is typically 0.7 s under UHV
conditions defining the upper limit [26]. The time constant
of the lock-in detector recording the cantilever oscillation
signal is set to τLI = 0.3 s while the sweep time is typically
tsweep = 200 s. For a precision measurement of Q, the sweep
range is chosen to be symmetric about the resonance frequency
with start and stop set to frequencies where the oscillation
amplitude is about 0.1 times the on-resonance maximum.
By this adjustment, any distortion of the recorded resonance
curve and corruption of the determined Q-factor resulting from
an inappropriate choice of the effective measurement time
constant and the sweep speed can be excluded.

3. Results and discussion
In the first set of experiments, we measure the Q-factor and
resonance frequency and compare results obtained under UHV
conditions to those obtained at normal pressure or slightly
below. Increasing the pressure by ten orders of magnitude
starting from UHV conditions results in a slight shift in the
resonance frequency but a dramatic reduction in the Q-factor
as demonstrated by the example resonance curves shown in
figure 1. This figure shows a narrow resonance curve of a
300 kHz cantilever recorded under UHV conditions and a
broad resonance curve of the same cantilever recorded after
backfilling the chamber to a pressure of 100 mbar. In table 1,
the quality factors Qair
eff of different cantilevers measured at
normal pressure are compared to the corresponding values
Qvac
eff obtained in UHV. A major conclusion to be drawn from
this table is that there is no correlation of Q-factors measured
3
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J Lübbe et al

Table 2. Dimensions, length l, width w and thickness t (see [12]), of the four investigated cantilevers related to their resonance frequency as
air,exp
in air measured under ambient conditions is compared to a theoretical value
calculated or measured. The resonance frequency f0
air,theo
f0
calculated using equation (6) using the resonance frequency f 0 measured under UHV conditions.
air,exp

Cantilever

l (μm)

w (μm)

t (μm)

f0 (Hz)

f0air,theo (Hz)

f0

1
2
3
4

227
125
228
253

27
34
39
72

2.6
4.1
7.3
9.6

61 758
302 200
170 410
191 020

61 196
301 230
169 850
190 490

61 341
301 330
170 070
190 530

(Hz)

Dimensions of the cantilevers have been determined by the manufacturer using an
optical microscope (length l and width w) and a laser interferometer (thickness t).
The accuracy is l = ±2.5 μm, w = ±1.5 μm and t = ±0.2 μm, respectively.

0
−1
−2
−3

f0= 61.758 kHz (cant. 1)
theory

f0=302.200 kHz (cant. 2)

air,exp

Cantilever

Qtheo
0

Qeff

Qmount

Qair,theo
eff

Qeff

1
2
3
4

458 700
40 400
34 500
19 500

182 400
43 900
26 500
21 700

302 900
∞
114 300
∞

160
730
930
1390

300
640
870
810

theory

0

Δf/f × 1000

0
−1
−2
−3
−4
−5
−6
−7

Table 3. Q-factors Qtheo
of the four investigated cantilevers
0
calculated from the models described in [12] and cantilever
resulting from the
properties given in table 2. The error of Qtheo
0
error of dimensional measurements is 11% for cantilever 1, 19% for
cantilever 2, 9% for cantilever 3 and 7% for cantilever 4. Qeff are
the measured effective Q-factors with the corresponding calculated
air,exp
values of Qmount . The effective Q-factor Qeff in air measured
under ambient conditions is compared to a theoretical value Qair,theo
eff
calculated using equation (1).

0
−1
−2
−3

f =170.410 kHz (cant. 3)

0
−1
−2
−3

f =191.020 kHz (cant. 4)

the effective Q-factor with a calculation for the molecular
damping according to equation (4). As Qmolecular vanishes for
high pressure and Qviscous becomes negligible for low pressure
compared to the contribution of Qmolecular , we approximate
Qair = Qmolecular + Qviscous to yield an expression for the
transition pressure range which is shown by the solid line.
The heuristic approach of adding Q-factors is physically not
correct but practically generates a curve that describes the
experimental data very well over the entire pressure range
from UHV to normal conditions. Furthermore, the pressure
dependence of the calculated intrinsic Q0 is shown as a dashed
line. This curve is directly based on known dimensional
properties of the cantilever without any fitting or Q-factor
measurement. The difference between Q0 and Qeff stems from
the contribution of Qmount as described in detail in [12]. By
including mounting losses, we are able to describe the pressure
dependence rather precisely and transfer this methodology to
the description of other cantilevers.
Figure 3(b) shows the Q-factors of the four investigated
cantilevers as a function of the ambient pressure. Up to a
pressure of 10−4 mbar, the measured Q-factors remain virtually
unchanged compared to UHV conditions. In this region, no
viscous damping occurs but collisions of the cantilever with
the increasing number of residual gas molecules result in a
slight reduction of the Q-factor. A dramatic reduction of
Q is observed for pressures above 10−2 mbar for cantilever
1 and above 10−1 mbar for the other cantilevers. This can
be understood as Qmolecular is governed by the factor t × f0

0

theory

0

theory

−8 −7 −6 −5 −4 −3 −2 −1
0 1
log (pressure p / mbar)

2

3

Figure 2. Relative shift f/f0 of the resonance frequency of the
four investigated cantilevers with different dimensions as a function
of the ambient pressure. Starting at UHV conditions, the vacuum
chamber is back filled with nitrogen gas until normal pressure is
reached.

this table, it can clearly be seen that the damping due to the
ambient gas by orders of magnitude exceeds any other effect
and, therefore, Qair is clearly the dominating contribution to
the effective Q-factor. Figure 3(a) shows a measurement of
the Q-factor of cantilever 1 as a function of pressure together
with model predictions for this cantilever. The dash-dotted
line describes the measured effective Q-factor (UHV value)
combined with a calculation of the viscous damping according
to equation (5). The dotted line describes the combination of
4
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theoretical models based on the physics of free molecular flow
and viscous flow while we can well interpolate in the transition
regime. This result is of practical use for measurements
performed at elevated pressure as the methodology introduced
here allows a prediction of the Q-factor enhancement when
reducing the ambient pressure from normal pressure to a
value lower by up to five orders of magnitude based on
a knowledge of cantilever dimensions only. Our results,
furthermore, highlight the different physical origins of the
pressure-dependent shift in resonance frequency and the Qfactor of the cantilever. The shift in resonance frequency
can solely be described considering the mass added by the
surrounding medium for a cantilever oscillating in a gas of
sufficient density and does not significantly depend on the
viscosity of the gas for the investigated pressure range. The
pressure dependence of the Q-factor, on the other hand, is
solely governed by molecular impact for lower pressures and
by viscosity for higher pressures. Consequently, the ambient
gas pressure provides a convenient means of tuning the Qfactor of an oscillating cantilever over a wide range without
strongly changing the resonance frequency similar to the
recently demonstrated tuning of the Q-factor by opto-thermal
pressure exerted on a cantilever in an optical cavity [2].
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free molecular
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visc.

5

Q−factor
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4
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cantilever 1
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0
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3

10

0
−1

visc
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−1
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Figure 3. (a) Measurement of the effective Q-factor of cantilever 1
as a function of pressure. Starting at UHV conditions, the test
chamber is back filled with nitrogen until ambient pressure is
reached. The plots show the measured Qeff combined with the air
damping in the viscous regime (dash-dotted line), the air damping in
the molecular regime (dotted line) and the sum Qmol + Qvisc (solid
line). Additionally, measurements are compared to the calculated
intrinsic value Q0 combined with the sum Qmol + Qvisc (dashed line).
The discrepancy between the intrinsic and the effective Q-values is
explained by Qmount (see table 3). (b) Measured effective Q-factor of
the four investigated cantilevers as a function of ambient pressure.
For cantilever 4, the borders of molecular and viscous regimes
should be shifted to higher pressure by a factor of 2 because of the
significantly larger cantilever width. In the logarithmic plot, this is,
however, a minor correction that has been omitted for simplicity of
the figure.
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